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How far does the class of all finite images of a group determine this 
group? It is known that finitely generated abelian groups are determined 
by their finite images up to isomorphism whereas finitely generated 
nilpotent groups in general are not [4]. At least there are only finitely 
many nonisomorphic such groups with the same finite images [S]. 
The same is true for polycyclic-by-finite groups [3] and for finite exten- 
sions of torsion-free nilpotent minimax groups which are radicable by its 
spectrum [7]. It is not known if there is a common generalization to 
soluble minimax groups the Fitting subgroups of which are radicable by 
their spectrum. In the way Pickel’s theorem [9] was a first step to the 
proof of the result on polycyclic groups the Main Theorem of this paper 
might be helpful on the way of a proof of such a more general result. 
MAIN THEOREM. The Fitting subgroup F(G) of the profinite completion G 
of a finite extension G of a residually finite soluble minimax group coincides 
with the profinite completion F(G) A of the Fitting subgroup of this group 
(e.g., F(G) = F(G) -). 
Together with the results of [7] this yields 
THEOREM A. Let V be a class of residually finite soluble-by-finite 
minimax groups with the same finite images. Then we have 
(1) The groups in Q? have the same spectrum ‘II and the same Hirsch 
number. 
(2) There exists an n E kJ such that for all GE W N(G) := (F(G))” is 
torsion-free nilpotent. 
(3) The class (N(G)Zn 1 GE %?} of all n’-localizations of N(G) splits 
into only finitely many isomorphism classes. 
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(4) The class {G/N(G) 1 GE%?) splits into only finitely many 
isomorphism classes. 
In general %? does not split into finitely many isomorphism classes [7, 7.31. 
The spectrum n(G) of a group G is the set of all primes p for which G has 
a quasicyclic p-section. A discussion on profinite topologies and com- 
pletions with their properties on the groups discussed in this paper may be 
found in [S] and [7]. 
We separate out the main ingredients of the proof in two lemmas. We 
have to show that an element in 6 not in F(G) * cannot act nilpotently on 
F(G) A and the heart of the proof may be visualized in the case where F(G) 
is torsion-free abelian: 
LEMMA 1. Let M be a torsion-free abelian minimax group and B a finite 
extension of an abelian unipotent-free subgroup A in Aut M. Then i? acts 
faithfully and unipotent-free on Ak 
Lemma 1 is proved by using the Congruence Subgroup Topology (CST) 
on Aut M. Generally this topology is defined on a subgroup A of Aut G for 
a group G by taking the Congruence Subgroups A(i) := { fl E A/P(g) g ~ ’ E 
G’ for all gEG} (ie N) as a basis of neighbourhoods of the identity (cf. 
[ 11,l.l). If G is a residually finite soluble-by-finite group of finite abelian 
section rank then the CST is a prolinite topology which is coarser than the 
full prolinite topology on A. If these two topologies coincide, A is said to 
have the Congruence Subgroup Property (CSP). 
The proof of Lemma 1 reduces the assertion to free modules and matrix 
groups over the ring Z, = {m/n E Q 1 n is a n-number} for finite 7c and its 
integral closure in a number field. The main step is 
LEMMA 2. Let G< GL(n, Z,) be a finite extension of an abeh’an 
unipotent-free subgroup A. Let K be the field generated over Q by the eigen- 
values of A and let R be the integral closure of Z, in K. 
(a) There is a /I E GL(n, K) such that AB 6 T(n, R). 
(b) G and AP have the CSP and are CST-closed in GL(n, Z,) and 
GL(n, R), respectively. 
(c) 6 embeds naturally into GL(n, Z,^) and does not contain any 
unipotent element. 
The proof of Lemma 2 relies on Chevalley’s theorem [ 1 ] which asserts 
that R* has the CSP in R. In proving this lemma we get close to the 
following theorem which we do not need in full but which seems to be of 
interest in its own. 
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THEOREM B. Finite extensions of T(n, R) as well as their profinitely 
closed subgroups are CST-closed in GL(n, R) and have the CSP. 
In Section 1 we start with a discussion on the Congruence Subgroup 
Topology. Thereby we get an example showing that we cannot replace 
“minimax” by “of finite rank” in the Main Theorem. We also prove 
Theorem B in this paragraph. Sections 2 and 3 contain the proofs of the 
lemmas, the Main Theorem’s proof is given in Section 4 and finally we 
verify Theorem A in Section 5. 
In general we denote by 9’ the class of all residually finite soluble groups 
of finite abelian section rank and by 9 the class of all finite groups. 6 
denotes the prolinite completion of G, i.e., the completion with respect to 
the full profinite topology, whereas G is the completion of G with respect o 
the CST. 
M(n, R) is the ring of all n x n matrices over the ring R, its group of units 
is the general inear group GL(n, R). Special subgroups of it are the groups 
of all upper triangular matrices T(n, R) and its subgroups U(n, R) of 
unipotent and D(n, R) of diagonal matrices. 
1. THE CONGRUENCE SUBGROUP TOPOLOGY 
If GE 9’9 the CST is profinite on subgroups of Aut G and on closed 
subgroups of Aut G, so their completions are compact. Aut G already is 
complete as 6 is so, hence Aut G is compact. Because of G”n G = Gk 
[7, 1.73 we get (Aut G)(k) = (Aut G)(k) n Aut G so Aut G is a topological 
subgroup of Aut @, and AZ can be identified with the closure of Aut G 
in Aut G [7, 1.21. 
Now let R be the integral closure of Z, in a number field and M a free 
R-module. Then fi z R” and Aut ,&E GL(n, R) is a compact subgroup of 
Aut ti which contains GL(n, R) and hence Cm). The ith congruence 
subgroup consists of all matrices which are congruent modulo i to the iden- 
tity matrix, so the CST equals the subspace topology of the product 
topology on the ring M(n, R). 
The following is a direct consequence of [7, 1.21 and allows to produce 
the proposed example: 
1.1 PROPOSITION. Let G E 9’9 and A < Aut G. Then A^ embeds naturally 
into Aut 6 if and only if A has the CSP in Aut G. 
1.2. EXAMPLE 
3” x 
G= 0 1 K >I XEE 2srnEZ 1 
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is isomorphic to Z,.n(j? ), where fl acts by multiplication by 3. 
F(G) z Z,.1( 1) and B acts faithfully on E,,. As iZy. = 1 + 22,, the CST 
equals the pro-2 topology on Z,*. =Aut ZZV. Thus the subgroup 
K= l&,2 (jII)poperates trivially on F(G) A so that F(G) -0 K,<&‘(G). 
We now verify the CSP for some linear groups over the integral closure 
R of Z, in some number field K. rc is always a finite set of primes. 
(1.3) R* has the CSP in R. 
By the unit theorem R* is finitely generated. Putting b = npelr p 
Chevalley’s Theorem [ 1, Theoreme l] asserts for a given k E N a n’-num- 
ber m such that R* n 1 + mT< R*k where T denotes the localization of the 
integral closure of Z in K with respect o the primes of m. Thus T contains 
R and we are done. 
This extends to finite products: 
(1.4) D(n, R) has the CSP in GL(n, R). 
(1.5) U(n, R) has the CSP in GL(n, R). 
(Compare [ 14, Theorem 23) U(n, R) operates by right multiplication on 
M(n, R). This operation is nilpotent so that we can apply [6, Theorem E] 
to the derivation d: U(n, R) + M(n, R): u I-+ u - id. Hence U - (id) and U 
are closed in M(n, R) for every subgroup U of finite index in U(n, R), so 
that U is CST-closed in GL(n, R) and hence CST-open in U(n, R). 
(1.6) D(n, R), U(n, R) and T(n, R) are CST-closed in GL(n, R). 
This follows from the fact that the CST comes from the product 
topology on M(n, R). 
(1.7) Proof of Theorem B. Let G be a finite extension of T(n, R) and V 
a subgroup of finite index in G. To show that V is CST-open in G we may 
assume Va T(n, R). Now Vn U(n, R) and Vn D(n, R) have finite index in 
U(n, R) and D(n, R), respectively. Hence they are CST-closed in GL(n, R) 
by 1.41.6. Thus their product, which has finite index in V, is CST-closed in 
GL(n, R) and CST-open in G. 
2. PROOF OF LEMMA 2 
G is finitely generated [13,4.10] so K is a number field. We now get (a) 
as in [2, Theorem 6 and Lemma 71. 
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We prepare the proof of (b)): 
(2.1) The CSP does not depend on Z, or R. 
As R is the integral closure of H, we get iRnE, = iZ, and hence 
GL(n, R))(i) n GL(n, Z,) = GL(n, Z,)(i). 
(2.2) The map A + AB: a ++ ap is a topological isomorphism with respect 
to the CSTs in GL(n, R). 
This can be proved as in [2, Lemma 81. 
Now U(n, R) is the Fitting subgroup of T(n, R) so A” is profinitely 
closed in T(n, R) [S, Theorem A]. Thus AB is CST-closed and has the CSP 
by Theorem B. These properties carry over to A, by (2.2) as a subgroup of 
GL(n, R) and by (2.1) as a subgroup of GL(n, Z,). As a finite extension of 
A the group G also has these properties. This proves (b). 
The first part of (c) follows from Proposition 1.1. As unipotent elements 
in GL(n, ;2,) have infinite order, it is enough to show that a does not con- 
tain any unipotent element: The projection d: T(n, R) + D(n, R) is con- 
tinuous and open, so its restriction to A is a topological embedding which 
extends uniquely to a topological embedding from a to G) which is 
contained in D(n, 8). 
3. PROOF OF LEMMA] 
Let n denote the spectrum and n the rank of M. The inclusion 
i: Aut M -+ Aut(M@, Z,) = GL(n, Z,), which maps every automorphism 
on M to its unique extension on MO, Z,, is continuous with respect to 
the CSTs. As i(A) acts unipotent-free Lemma 2 yields that i(B) and all its 
subgroups are CST-closed. Thus B has this property, so B has the CSP and 
B acts faithfully on fi. By Lemma 2c) & acts unipotent-free (via the exten- 
sionofi)on(M@,Z,)*=n,+. 
free on I& 
Mi [7, 1.6 and 1.91, so it acts unipotent- 
4. PROOF OF THE MAIN THEOREM 
Let N denote the maximal torsion-free nilpotent normal subgroup of G 
and K a subgroup of finite index in G containing N with torsion-free 
abelian quotient K/N. Thus F(K) = N. Furthermore let Z/N’ be the torsion 
subgroup of N/N’ and C = C&N/Z). C contains F(G) as elements acting 
nontrivially and unipotently on N/Z have infinite order. 
SOLUBLE MINIMAX GROUPS 125 
Now assume g E G acts unipotently on N/Z (by conjugation). This action 
extends to (N/Z) @ z Q which is naturally isomorphic to M/M where M is 
the Malcev completion of N [12, 8.91. By Hall’s theorem [lo, 2.271 
(M, g) is nilpotent. This verifies that 
(4.1) G/C acts unipotent-free on N/Z and 
(4.2) Kn C= N. 
Z, N, and C are profinitely closed in G [S, Theorem A], so Lemma 1 and 
[7, 1.21 assert that G/C acts faithfully and unipotent-free on N/i. Thus 
F(G) < C and F(G) = Z’(C). By (4.2) we are left with the nilpotent-by-finite 
case 
(4.3) F(C) = F(C) -. 
C is dense and F(C) is open in C [7, 1.33, so that C n F( 6) is dense in 
F(C). Furthermore C n F(C) is nilpotent and contains F(C). Hence we get 
CnF(c)=F(C) and F(e)=CnF(c)=F(C)=F(C)- ([7, 1.51). 
5. PROOF OF THEOREM A 
Let N be a finite extension of a torsion-free nilpotent Y-group. The tor- 
sion-free i&-rank h,,(Ni) of Ni is the number of infinite factors in a closed 
series of Ni the factors of which are finite or procyclic. By [ 12, 1 I.81 this 
number does not depend on the chosen series. 
5.1. PROPOSITION. Let TC denote the spectrum and h(N) the Hirsch num- 
ber of N. For p E 7~ we get h,(N,^) < h(N) and h,(Ni) = h(N) for p $7t. 
Proof: This proposition is proved by induction on h(N). Let A4 be a 
prolinitely closed normal subgroup of N with locally cyclic factor. For a 
nonspectral prime p the factor N/M is residually-(finite, p) so M is closed in 
the pro-p topology and [7, 1.53 asserts Ni/Mi z zi. If p E rc then it belongs 
to the spectrum of iVf, and we are done, or it belongs to the spectrum of 
N/M. In the latter case N/M is p-radicable and hence M is pro-p dense in 
N. Thus M; = N;. 
We now prove Theorem A. As the spectrum rc of G equals the spectrum 
of F(G) and does not contain every prime we get from 5.1 
W(G)) = max{h,(F(G),) I P prime), 
h(GIF(G)) = max{h,((G/F(G))~)I P prime}, 
and 
n = {p prime 1 h(F(G)) > h,(F(G),)}. 
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The right sides are all independent of the chosen GE%? by the Main 
Theorem and [7, 1.61. This proves (1). 
To prove (2) choose n such that F(G)” is torsion-free [7, 1.31. By [7, 
1.93 (N(G)“.),:= N(G),: so (3) follows from [7, Main Theorem and 1.41. 
(4) also follows from [7, Main Theorem] as (G/N(G)) -2 G/N(G) A is 
independent of G. 
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